Power series expansions for spheroidal wave functions with small arguments  by Kokkorakis, Gerassimos C. & Roumeliotis, John A.
Journal of Computational and Applied Mathematics 139 (2002) 95–127
www.elsevier.com/locate/cam
Power series expansions for spheroidal wave functions
with small arguments
Gerassimos C. Kokkorakis, John A. Roumeliotis ∗
Department of Electrical and Computer Engineering, National Technical University of Athens, Athens 15773, Greece
Received 1 August 2000
Abstract
Power series expansions for the angular spheroidal wave functions of the +rst kind Smn(c; ), with small arguments c,
are derived for general integer values of m and n. The various evaluated expansion coe-cients can also be used in the
calculation of the corresponding angular functions of the second kind, as well as for the radial functions of any kind. Only
the prolate functions are considered explicitly, but corresponding formulas for the oblate ones are obtained immediately.
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1. Introduction
Spheroidal wave functions are used in many applications in engineering and physics [11,10,5,6,15,
16,4,2] originating, principally, from the solution of the wave equation in spheroidal coordinates.
Studies on these functions can be found, among others, in [7,14,13,1].
The purpose of this paper is to give power series expansions for the angular spheroidal wave
functions of the +rst kind Smn(c; ), with small arguments c, for general integer values of m and n.
In [3] the expansion coe-cients were found up to the order of c6, for 06 m6 n6 2 only.
The various calculated expansion coe-cients can also be used in the evaluation of the angular
spheroidal wave functions of the second kind [7], as well as for the corresponding radial functions
of any kind [7,3].
An analogous method was used in [12] for the evaluation of the Mathieu functions.
We consider explicitly only the prolate spheroidal functions; however, analogous formulas for the
oblate functions are obtained immediately, as explained in the text.
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The calculation of the expansion coe-cients is developed in Section 2, while in Section 3 we
make some comparisons of our results, for special values of the parameters, with several already
existing ones, produced by other methods. The comparisons show the correctness of the present
results, at least for these values of the parameters, thus providing a very good check for the validity
of our procedure.
2. Calculation of the expansion coecients
2.1. General relations
The prolate angular spheroidal functions of the +rst kind Smn(c; ) are solutions of the diBerential
equation [7,14,1]
d
d
[
(1− 2)dSmn
d
]
+
[
mn − c22 − m
2
1− 2
]
Smn = 0 (1)
resulting when the scalar wave equation is separated in prolate spheroidal coordinates. In (1), mn
and m denote the separation constants (eigenvalues).
The former functions are given by the in+nite sum [7,14,1]
Smn(c; ) =
∞∑
r=0;1
′
dmnr (c)P
m
m+r(); (2)
where the prime denotes that the summation is over only those values of r having the same parity
with n−m. In (2) Pms () is the associated Legendre function of the +rst kind. Substituting from (2)
into (1), with the subsequent use of the associated Legendre diBerential equation and the recurrence
formulas for the associated Legendre functions, we obtain the following second-order recurrence
relation for the expansion coe-cients dmnr (c) [7,14,1]
(2m+ r + 2)(2m+ r + 1)c2
(2m+ 2r + 3)(2m+ 2r + 5)
dmnr+2(c) +
[
(m+ r)(m+ r + 1)− mn(c)
+
2(m+ r)(m+ r + 1)− 2m2 − 1
(2m+ 2r − 1)(2m+ 2r + 3) c
2
]
dmnr (c) +
r(r − 1)c2
(2m+ 2r − 3)(2m+ 2r − 1)d
mn
r−2(c) = 0;
(r ¿ 0); (3)
where dmn−r = 0 for r ¿ 0.
When c→ 0, (1) becomes the diBerential equation satis+ed by the associated Legendre functions,
and Smn reduces to Pmn . This means that mn(0)=n(n+1), while the only nonzero coe-cient in (2),
in this case, is dmnn−m → 1 (n¿ m).
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Approximations for Smn, valid for small values of c, follow by expanding dmnr (c) into power series
in c. Keeping in mind the former remarks, this expansion must be of the form [9]
dmnn−m±2q(c) = [
mn±
2q;0 c
2q + mn±2q;2 c
2q+2 + mn±2q;4 c
2q+4 + · · · ]dmnn−m(c);
n− m¿ 0(+);
n− m¿ 2q(−); q= 0; 1; 2 : : : ; (4)
where mn−2q;2k = 0; (k ¿ 0) if 06 n− m¡ 2q, while mn±0;0 = 1 and mn±0;2k = 0 if k ¿ 1.
The expansion for mn(c) must be
mn(c) = n(n+ 1) + ‘mn2 c
2 + ‘mn4 c
4 + ‘mn6 c
6 + · · · : (5)
Certainly, ’s and ‘’s are independent of c.
In what follows, the superscripts mn are omitted from the various expansion coe-cients used, for
reasons of simplicity.
By substituting from (4) and (5) into (3) and by equating the coe-cients of c2; c4; : : : to zero
separately, we obtain, with r = n− m¿ 0, from the coe-cient of c2 and c2k+4, respectively,
‘2 =
2n(n+ 1)− 2m2 − 1
(2n− 1)(2n+ 3) ; (6)
(n+ m+ 1)(n+ m+ 2)
(2n+ 3)(2n+ 5)
+2;2k +
(n− m− 1)(n− m)
(2n− 3)(2n− 1) 
−
2;2k = ‘2k+4; k = 0; 1; 2; : : : : (7)
Next, setting r = n − m ± 2q (q ¿ 1; n − m ¿ 2q for the lower sign) in (3) and using (4) and
(5) we obtain by equating to zero the coe-cients of c2q; c2q+2 and c2q+2k , respectively,
±2q;0 = f
±(2q− 2)±2q−2;0; q¿ 1; (8)
±2q;2 = f
±(2q− 2)±2q−2;2 + g±(2q)±2q;0; q¿ 1; (9)
±2q;2k =f
±(2q− 2)±2q−2;2k + g±(2q)±2q;2k−2
+ h±(2q)
k∑
j=2
‘2j±2q;2k−2j + p
±(2q+ 2)±2q+2;2k−4; q¿ 1; k ¿ 2; (10)
where the following substitutions have been made [9]:
h±(2q) =±1=[2q(2n± 2q+ 1)]; (11)
f±(2q− 2) =− [n+ 1± (2q− m− 1)][n± (2q− m− 1)]
[2n± (4q− 3)][2n+ 2± (4q− 3)] h
±(2q); (12)
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g±(2q) =
2(1− 4m2)
(2n− 1)(2n+ 3)(2n± 4q− 1)(2n± 4q+ 3) ; (13)
p±(2q+ 2) =− [n+ 1± (2q+ m+ 1)][n± (2q+ m+ 1)]
[2n± (4q+ 3)][2n+ 2± (4q+ 3)] h
±(2q): (14)
Now, setting
±2q;2k = v
±
2k(2q)
±
2q;0; q¿ 0; k ¿ 0; (15)
where v±0 (2q) = 1, while v
±
2k(0) = 0; (k ¿ 1), because 
±
0;2k = 0 for k ¿ 1, we obtain from (8)–
(10) the recurrence relations
v±2 (2q) = v
±
2 (2q− 2) + g±(2q); q¿ 1 (16)
and
v±2k(2q) = v
±
2k(2q− 2) + g±(2q)v±2k−2(2q) + h±(2q)
k∑
j=2
‘2jv±2k−2j(2q)
+p±(2q+ 2)f±(2q)v±2k−4(2q+ 2); q¿ 1; k ¿ 2: (17)
It should be noticed here that (16) and (17) are obtained from (8)–(10) [and so from (11)–(15)]
without any reference to the value of q. This means that they are also valid for any value of q; 
remark that will be useful later.
Using (16) for q = 1 [v±2 (2) = g
±(2), because v±2 (0) = 0], q = 2, etc., we obtain v
±
2 (2q) for the
general integer value of q
v±2 (2q) =
q∑
i=1
g±(2i) =
1− 4m2
2(2n− 1)(2n+ 3)
q∑
i=1
[
1
2n± 4i − 1 −
1
2n± 4i + 3
]
=
2q(1− 4m2)
(2n+ 1∓ 2)(2n+ 1± 2)2[2n+ 1± (4q+ 2)] ; q¿ 0: (18)
Following the same procedure in (17) [v±2k(0) = 0, for k ¿ 1], we +nally obtain
v±2k(2q) =
q∑
i=1
[
g±(2i)v±2k−2(2i) + h
±(2i)
k∑
j=2
‘2jv±2k−2j(2i) + p
±(2i + 2)f±(2i)v±2k−4(2i + 2)
]
= ±2k(2q) +
k∑
j=2
‘2j±2k−2j(2q) + 
±
2k(2q); q¿ 1; k ¿ 2; (19)
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where
±2k(2q) =
q∑
i=1
g±(2i)v±2k−2(2i); k ¿ 1; (20)
±2k−2j(2q) =
q∑
i=1
h±(2i)v±2k−2j(2i); k ¿ j ¿ 2; (21)
±2k(2q) =
q∑
i=1
p±(2i + 2)f±(2i)v±2k−4(2i + 2); k ¿ 2: (22)
Recurrence relation (19) can be used for the calculation of v±2k(2q), and consequently of 
±
2q;2k ,
from (15), by using the expressions of v±2k−2s(2i) (i ¿ 1; 1 6 s 6 k). The expansion coe-cients
‘2j (2 6 j 6 k) are calculated from (7), by using ±2;2j−4 from (15) (for j 6 5 they are also
found in [7,13,1]). The terms ±2q;0 appearing in (15) are obtained easily from (8), (11), (12) and
the relation ±0;0 = 1. Their expressions are [9]
+2q;0 = (−1)q
(2n− 1)!!(2n+ 1)!!(n− m+ 2q)!
2qq!(n− m)!(2n+ 4q− 1)!!(2n+ 2q+ 1)!! ;
−2q;0 =
(n+ m)!(2n− 2q− 1)!!(2n− 4q+ 1)!!
2qq!(2n− 1)!!(2n+ 1)!!(n+ m− 2q)! ; q¿ 0: (23)
At this point, it should be remarked from (11)–(14), that the various terms with superscript
−=+ can be obtained from the corresponding ones with superscript +=−, by simply replacing n
with −n− 1. So, the same is also valid for the various ’s appearing in (8)–(10). For this reason
‘2 and ‘2k+4 (k = 0; 1; 2; : : :) remain unchanged with the former replacement, because they contain
symmetrically both kinds of terms. The former remarks are also valid for the rest of the symbols
appearing in (15)–(23). So, in what follows, we calculate only v+2k(2q), as far as v
−
2k(2q) is obtained
immediately from v+2k(2q), by replacing n with −n − 1 [also v+2k(2q) is obtained from v−2k(2q) by
replacing n with −n− 1].
We expand the various fractions appearing after the summation symbols in (19) (i.e. in (20)–(22)),
into sums of partial fractions. From (7), (11)–(14) and (18) it is evident, by using k=2; 3; 4; : : : into
(19)–(22), that there appear four groups of partial fractions. In the +rst of them, the denominators
are i; i+1; i+2; : : : ; in the second they are 2n+2i+1; 2n+2i+3; 2n+2i+5; : : : ; in the third they are
2n+4i+1; 2n+4i+5; 2n+4i+9; : : : ; while in last one they are 2n+4i−1; 2n+4i+3; 2n+4i+7; : : : .
It will be proved later that the numerator of the partial fraction with denominator (2n + 4i + 3)2
is equal to zero, so this fraction is not included in the former groups. The reason for grouping the
fractions as above is that in the +rst, the second, the third and the fourth group only summations of
the following forms, respectively, appear evaluated immediately (t = 0; 1; 2; : : :), as will be evident
in what follows:
q∑
i=1
(
1
i + t
− 1
i + t + 1
)
=
q
(t + 1)(q+ t + 1)
; (24a)
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q∑
i=1
(
1
2n+ 2i + 2t + 1
− 1
2n+ 2i + 2t + 3
)
=
2q
(2n+ 2t + 3)(2n+ 2q+ 2t + 3)
; (24b)
q∑
i=1
(
1
2n+ 4i + 4t + 1
− 1
2n+ 4i + 4t + 5
)
=
4q
(2n+ 4t + 5)(2n+ 4q+ 4t + 5)
; (24c)
q∑
i=1
(
1
2n+ 4i + 4t − 1 −
1
2n+ 4i + 4t + 3
)
=
4q
(2n+ 4t + 3)(2n+ 4q+ 4t + 3)
: (24d)
2.2. First group of partial fractions
We start +rst with the group of partial fractions with denominators i+ t; t = 0; 1; 2; : : : . So, from
(19)–(22) with k = 2 and the use of (11)–(14) and (18) we have
v+4 (2q) = 
+
4 (2q) + ‘4
+
0 (2q) + 
+
4 (2q); (25)
where (from this point on we use
∑
in place of
∑q
i=1, for simplicity)
+4 (2q) =
∑
g+(2i)v+2 (2i) =
(1− 4m2)2
(2n− 1)2(2n+ 3)3
∑ 4i
(2n+ 4i − 1)(2n+ 4i + 3)2 ; (26)
+0 (2q) =
∑
h+(2i) =
1
2n+ 1
∑( 1
2i
− 1
2n+ 2i + 1
)
; (27)
+4 (2q) =
∑
p+(2i + 2)f+(2i)
=
∑ [(n+ 2i + 1)2 − m2][(n+ 2i + 2)2 − m2]
4i(i + 1)(2n+ 2i + 1)(2n+ 2i + 3)(2n+ 4i + 1)(2n+ 4i + 3)2(2n+ 4i + 5)
:
(28)
From (7) and (23) it follows that
‘4 = ‘+ + ‘−; (29)
where
‘+ =− [(n+ 1)
2 − m2][(n+ 2)2 − m2]
2(2n+ 1)(2n+ 3)3(2n+ 5)
; ‘− =
[(n− 1)2 − m2](n2 − m2)
2(2n− 3)(2n− 1)3(2n+ 1) : (30)
From (26) we see that in +4 there is no partial fraction with denominator i + t, while in 
+
0 and
+4 [Eqs. (27) and (28)] there are such fractions, with t=0; 1. The two fractions with denominators
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i and i + 1, arising from (28), are
+; i4 (2q) =−
1
2(2n+ 1)
(
‘+
∑ 1
i
+ ‘−
∑ 1
i + 1
)
; (31)
where the superscript i denotes the +rst group of fractions, with denominators i + t.
From (25)–(27), (29), (31) and (24a) we obtain
v+; i4 (2q) =
‘−
2(2n+ 1)
∑(1
i
− 1
i + 1
)
= L14
q
q+ 1
; (32)
where
L14 = =
‘−
2(2n+ 1)
: (33)
From (19)–(22) with k = 3 we have
v+6 (2q) = 
+
6 (2q) + ‘4
+
2 (2q) + ‘6
+
0 (2q) + 
+
6 (2q) (34)
with
+6 =
∑
g+(2i)v+4 (2i); (35)
+2 =
∑
h+(2i)v+2 (2i); (36)
+6 =
∑
p+(2i + 2)f+(2i)v+2 (2i + 2): (37)
It should be noticed here that in any case the product p+(2i + 2)f+(2i) is found in (28).
From (7), (15), and (23) it follows that
‘6 = ‘+v+2 (2) + ‘
−v−2 (2): (38)
From (35), (13), (18), (32) we obtain
+; i6 =−g+(−2)L14
∑ 1
i + 1
=−v−2 (2)L14
∑ 1
i + 1
(39)
and from (37), (11), (12), (14), (18)
+; i6 =−
‘+v+2 (2)
2(2n+ 1)
∑ 1
i
: (40)
It is evident from (36), (11) and (18) that +; i2 = 0. Substituting from (38)–(40), (27), (33) and
(24a) into (34) we have
v+; i6 (2q) = L
1
4v
−
2 (2)
∑(1
i
− 1
i + 1
)
= L16
q
q+ 1
(41)
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with
L16 = L
1
4v
−
2 (2): (42)
Following the same procedure for v+8 (2q) we obtain
v+8 (2q) = 
+
8 (2q) + ‘4
+
4 (2q) + ‘6
+
2 (2q) + ‘8
+
0 (2q) + 
+
8 (2q); (43)
where
+8 =
∑
g+(2i)v+6 (2i); (44)
+4 =
∑
h+(2i)v+4 (2i); (45)
+8 =
∑
p+(2i + 2)f+(2i)v+4 (2i + 2) (46)
and
‘8 = ‘+v+4 (2) + ‘
−v−4 (2): (47)
From (44), (13), (18), (41) we get
+; i8 =−L16v−2 (2)
∑ 1
i + 1
: (48)
From (45) and (32) we +nd
+; i4 =−h+(−2)L14
∑ 1
i + 1
(49)
and from (46), (11), (12), (14), (32)
+; i8 =−
‘+v+4 (2)
2(2n+ 1)
∑ 1
i
− p+(−2)f+(−4)L14
∑ 1
i + 2
: (50)
Using (47)–(50), (27) and (33) into (43) and keeping in mind that +; i2 = 0, we obtain
v+; i8 (2q) = L
1
4v
−
4 (2)
∑ 1
i
− [L16v−2 (2) + ‘4h+(−2)L14]
×
∑ 1
i + 1
− p+(−2)f+(−4)L14
∑ 1
i + 2
: (51)
From (11)–(14) we +nd, after some manipulation, that
h+(−2q) = h−(2q); (52a)
g+(−2q) = g−(2q); (52b)
p+(−2q+ 2)f+(−2q) = p−(2q)f−(2q− 2): (52c)
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Substituting in (51) and using (42), (16) [v−2 (2) = g
−(2)], (17) and (24a) we get
v+; i8 (2q) = L
1
4v
−
4 (2)
∑(1
i
− 1
i + 1
)
+ L14p
−(4)f−(2)
∑( 1
i + 1
− 1
i + 2
)
= L18
q
q+ 1
+ L28
q
q+ 2
; (53)
where
L18 = L
1
4v
−
4 (2); L
2
8 =
1
2L
1
4p
−(4)f−(2): (54)
For v+10(2q) we have
v+10(2q) = 
+
10(2q) + ‘4
+
6 (2q) + ‘6
+
4 (2q) + ‘8
+
2 (2q) + ‘10
+
0 (2q) + 
+
10(2q); (55)
where, with the use of (52)
‘10 = ‘+v+6 (2) + ‘
−v−6 (2); (56)
+; i10 =−g−(2)L18
∑ 1
i + 1
− 2g−(4)L28
∑ 1
i + 2
; (57)
+; i6 =−h−(2)L16
∑ 1
i + 1
; (58)
+; i10 =−
‘+v+6 (2)
2(2n+ 1)
∑ 1
i
− p−(4)f−(2)L16
∑ 1
i + 2
: (59)
From (55)–(59), (27), (33), (49), (52a) we obtain
v+; i10 (2q) = L
1
4v
−
6 (2)
∑ 1
i
− L14[g−(2)v−4 (2) + ‘4h−(2)v−2 (2) + ‘6h−(2)]
∑ 1
i + 1
−L14p−(4)f−(2)[v−2 (2) + g−(4)]
∑ 1
i + 2
= L14v
−
6 (2)
∑(1
i
− 1
i + 1
)
+ L14p
−(4)f−(2)v−2 (4)
∑( 1
i + 1
− 1
i + 2
)
= L110
q
q+ 1
+ L210
q
q+ 2
: (60)
In (60) we have used (16), (17), (42), (54) and (24a), while
L110 = L
1
4v
−
6 (2); L
2
10 =
1
2L
1
4p
−(4)f−(2)v−2 (4): (61)
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Following the same procedure for v+12(2q); v
+
14(2q), etc., we obtain expressions for L
1
12,
L212; L
3
12; L
1
14; L
2
14; L
3
14, etc. All the former expressions can be generalized in the following formulas:
L12k = L
1
4v
−
2k−4(2); k ¿ 2; (62)
L 2k =
1
 
L14p
−(2 )f−(2 − 2)p−(2 − 2)f−(2 − 4) : : : p−(4)f−(2)v−2k−4 (2 );
26  6 [k=2] =  max; k ¿ 2 ; (63)
where [k=2] denotes the integer part of k=2.
The validity of (62) and (63) is proved in Appendix A, by the method of induction.
It should be noticed also that from (7), (15) and (23) it follows that
‘2k = ‘+v+2k−4(2) + ‘
−v−2k−4(2): (64)
2.3. Second group of partial fractions
We then continue with the second group of partial fractions having denominators 2n+ 2i + 2t +
1; t = 0; 1; 2; : : : : For k = 2, Eqs. (25)–(30) are valid. In +4 there in no partial fraction with such
a denominator [Eq. (26)]. In +0 and 
+
4 [Eqs. (27) and (28)] there are such fractions, with t = 0; 1.
The two fractions arising from (28) are (the superscripts 2i denote the denominators 2n+2i+2t+1)
+;2i4 = w
−∑ 1
2n+ 2i + 1
− w+
∑ 1
2n+ 2i + 3
; (65)
where
w+ =−‘+=(2n+ 1); w− = ‘−=(2n+ 1) = 2L14: (66)
From (25)–(27), (29), (65), (66) and (24b) we obtain
v+;2i4 (2q) = w
+
∑( 1
2n+ 2i + 1
− 1
2n+ 2i + 3
)
=M 34
q
2n+ 2q+ 3
; (67)
where
M 34 =
2w+
2n+ 3
: (68)
For v+6 (2q) [Eqs. (34)–(38)], the partial fractions, belonging to the former group, are in this case
+;2i6 = g
+(−2n− 3)M 34
−2n− 3
2
∑ 1
2n+ 2i + 3
=−g+(−2n− 3)w+
∑ 1
2n+ 2i + 3
; (69)
+;2i2 =−
v+2 (−2n− 1)
2n+ 1
∑ 1
2n+ 2i + 1
; (70)
+;2i6 = w
−v+2 (−2n+ 1)
∑ 1
2n+ 2i + 1
− w+v+2 (−2n− 1)
∑ 1
2n+ 2i + 3
: (71)
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Using (69)–(71), (27), (29), (38) and (66) into (34) we +nally obtain after some manipulation
v+;2i6 (2q) =w
+[v+2 (−2n− 1) + v+2 (2)]
∑( 1
2n+ 2i + 1
− 1
2n+ 2i + 3
)
=M 36
q
2n+ 2q+ 3
; (72)
where
M 36 =
2w+
2n+ 3
[v+2 (−2n− 1) + v+2 (2)]: (73)
In (72) and (73) we have used (24b), as well as the relations
g+(−2n− 3) = g+(2) = v+2 (2); (74a)
v+2 (−2n+ 1) = v+2 (−2n− 1) + v−2 (2): (74b)
For v+8 (2q) [Eqs. (43)–(47)] the partial fractions are
+;2i8 = g
+(−2n− 3)M 36
−2n− 3
2
∑ 1
2n+ 2i + 3
=−g+(2)w+[v+2 (2) + v+2 (−2n− 1)]
∑ 1
2n+ 2i + 3
; (75)
+;2i4 =−
v+4 (−2n− 1)
2n+ 1
∑ 1
2n+ 2i + 1
+ h+(−2n− 3)M 34
−2n− 3
2
∑ 1
2n+ 2i + 3
; (76)
+;2i8 =w
−v+4 (−2n+ 1)
∑ 1
2n+ 2i + 1
− w+v+4 (−2n− 1)
∑ 1
2n+ 2i + 3
+p+(−2n− 3)f+(−2n− 5)M 34
−2n− 3
2
∑ 1
2n+ 2i + 5
: (77)
Using (75)–(77), (27), (29), (38), (47) and (70) into (43), we +nally obtain after some manip-
ulation
v+;2i8 (2q) =w
+[v+4 (−2n− 1) + v+2 (−2n− 1)v+2 (2) + v+4 (2)]
∑( 1
2n+ 2i + 1
− 1
2n+ 2i + 3
)
+w+p+(4)f+(2)
∑( 1
2n+ 2i + 3
− 1
2n+ 2i + 5
)
=M 38
q
2n+ 2q+ 3
+M 58
q
2n+ 2q+ 5
; (78)
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where
M 38 =
2w+
2n+ 3
[v+4 (−2n− 1) + v+2 (−2n− 1)v+2 (2) + v+4 (2)];
M 58 =
2w+
2n+ 5
p+(4)f+(2): (79)
In (78) and (79) we have used (17), (24b), as well as the relations
h+(−2n− 2q− 1) = h+(2q); (80a)
g+(−2n− 2q− 1) = g+(2q); (80b)
p+(−2n− 2q− 1)f+(−2n− 2q− 3) = p+(2q+ 2)f+(2q) (80c)
arising from (11)–(14), and
v+4 (−2n+ 1) = v+4 (−2n− 1) + v+2 (−2n− 1)v−2 (2) + v−4 (2): (81)
For v+10(2q) [Eq. (55)] the partial fractions are
+;2i10 = g
+(−2n− 3)M 38
−2n− 3
2
∑ 1
2n+ 2i + 3
+ g+(−2n− 5)M 58
−2n− 5
2
∑ 1
2n+ 2i + 5
; (82)
+;2i6 =−
v+6 (−2n− 1)
2n+ 1
∑ 1
2n+ 2i + 1
+ h+(−2n− 3)M 36
−2n− 3
2
∑ 1
2n+ 2i + 3
; (83)
+;2i10 =w
−v+6 (−2n+ 1)
∑ 1
2n+ 2i + 1
− w+v+6 (−2n− 1)
∑ 1
2n+ 2i + 3
+p+(−2n− 3)f+(−2n− 5)M 36
−2n− 3
2
∑ 1
2n+ 2i + 5
: (84)
Using (82)–(84), (27), (29), (38), (47), (56), (70) and (76) into (55) we obtain after lengthy
manipulation
v+;2i10 (2q) =w
+[v+6 (−2n− 1) + v+4 (−2n− 1)v+2 (2) + v+2 (−2n− 1)v+4 (2) + v+6 (2)]
×
∑( 1
2n+ 2i + 1
− 1
2n+ 2i + 3
)
+ w+p+(4)f+(2)[v+2 (−2n− 1) + v+2 (4)]
×
∑( 1
2n+ 2i + 3
− 1
2n+ 2i + 5
)
=M 310
q
2n+ 2q+ 3
+M 510
q
2n+ 2q+ 5
; (85)
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where
M 310 =
2w+
2n+ 3
[v+6 (−2n− 1) + v+4 (−2n− 1)v+2 (2) + v+2 (−2n− 1)v+4 (2) + v+6 (2)];
M 510 =
2w+
2n+ 5
p+(4)f+(2)[v+2 (−2n− 1) + v+2 (4)]: (86)
In (85) and (86) we have used (80), (17), (24b) and the relation
v+6 (−2n+ 1)= v+6 (−2n− 1) + v+4 (−2n− 1)v−2 (2) + v+2 (−2n− 1)v−4 (2) + v−6 (2); (87)
which is a special case of v+2k(−2n+ 1), given in (B.1) of Appendix B, for k = 3.
We follow the same procedure for v+12(2q); v
+
14(2q), etc., thus obtaining expressions for M
3
12; M
5
12,
M 712; M
3
14; M
5
14; M
7
14, etc. All the former expressions can be generalized in the following formulas:
M 32k =
2w+
2n+ 3
[v+2k−4(−2n− 1) + v+2k−6(−2n− 1)v+2 (2) + v+2k−8(−2n− 1)v+4 (2) + · · ·
+ v+2k−4(2)]; k ¿ 2; (88)
M 2 +12k =
2w+
2n+ 2 + 1
p+(2 )f+(2 − 2)p+(2 − 2)f+(2 − 4) · · ·p+(4)f+(2)
×[v+2k−4 (−2n− 1) + v+2k−4 −2(−2n− 1)v+2 (2 ) + v+2k−4 −4(−2n− 1)v+4 (2 ) + · · ·
+ v+2k−4 (2 )]; 26  6 [k=2] =  max; k ¿ 2 : (89)
It should be noticed here that the subscripts of the various v+’s never become less than zero. The
validity of (88) and (89) has been proved in steps analogous with the ones followed in Appendix
A for (62) and (63).
2.4. Third group of partial fractions
We examine now the third group of partial fractions, with denominators 2n + 4i + 4t + 1; t =
0; 1; 2; : : : : For k = 2, it is evident from (26), (27) that there is no contribution from +4 and 
+
0 .
In +4 [Eq. (28)] there are two such fractions with t = 0; 1. So (the superscripts 4+ denote the
denominators 2n+ 4i + 4t + 1)
+;4+4 = y
∑( 1
2n+ 4i + 1
− 1
2n+ 4i + 5
)
= y
4q
(2n+ 5)(2n+ 4q+ 5)
; (90)
where (24c) is used, while
y =
(1− 4m2)(9− 4m2)
16(2n− 3)(2n+ 1)2(2n+ 5) : (91)
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From (25) and (90) it follows that
v+;4+4 (2q) = 
+;4+
4 = N
5
4
q
2n+ 4q+ 5
; (92)
where
N 54 =
4y
2n+ 5
: (93)
For v+;4+6 we have
+;4+6 = g
+
(−2n− 5
2
)
N 54
−2n− 5
4
∑ 1
2n+ 4i + 5
=−yg+
(−2n− 5
2
)∑ 1
2n+ 4i + 5
; (94)
+;4+6 = yv
+
2
(−2n+ 3
2
)∑ 1
2n+ 4i + 1
− yv+2
(−2n− 1
2
)∑ 1
2n+ 4i + 5
; (95)
while +0 and 
+
2 do not contain terms belonging to the present group. Substituting from (94) and
(95) into (34) we obtain
v+;4+6 (2q) = yv
+
2
(−2n+ 3
2
)∑( 1
2n+ 4i + 1
− 1
2n+ 4i + 5
)
= N 56
q
2n+ 4q+ 5
; (96)
where
N 56 =
4y
2n+ 5
v+2
(−2n+ 3
2
)
: (97)
In (96) and (97) we have used (16) and(24c), as well as the relation
g+
(−2n− 5
2
)
= g+
(−2n+ 3
2
)
: (98)
We continue with v+;4i+8 . So,
+;4+8 = g
+
(−2n− 5
2
)
N 56
−2n− 5
4
∑ 1
2n+ 4i + 5
=−yg+
(−2n+ 3
2
)
v+2
(−2n+ 3
2
)∑ 1
2n+ 4i + 5
(99)
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+;4+4 = h
+
(−2n− 5
2
)
N 54
−2n− 5
4
∑ 1
2n+ 4i + 5
(100)
+;4+8 = yv
+
4
(−2n+ 3
2
)∑ 1
2n+ 4i + 1
− yv+4
(−2n− 1
2
)∑ 1
2n+ 4i + 5
+p+
(−2n− 5
2
)
f+
(−2n− 9
2
)
N 54
−2n− 5
4
∑ 1
2n+ 4i + 9
: (101)
Substituting from (99)–(101) into (43) we obtain after some manipulation
v+;4+8 (2q) = yv
+
4
(−2n+ 3
2
)∑( 1
2n+ 4i + 1
− 1
2n+ 4i + 5
)
+yp+
(−2n+ 7
2
)
f+
(−2n+ 3
2
)∑( 1
2n+ 4i + 5
− 1
2n+ 4i + 9
)
=N 58
q
2n+ 4q+ 5
+ N 98
q
2n+ 4q+ 9
; (102)
where
N 58 =
4y
2n+ 5
v+4
(−2n+ 3
2
)
; N 98 =
4y
2n+ 9
p+
(−2n+ 7
2
)
f+
(−2n+ 3
2
)
: (103)
In (102) and (103) we have used (17) and (24c), as well as the relations
h+
(−2n− 4q− 1
2
)
= h+
(−2n+ 4q− 1
2
)
; (104a)
g+
(−2n− 4q− 1
2
)
= g+
(−2n+ 4q− 1
2
)
; (104b)
p+
(−2n− 4q− 1
2
)
f+
(−2n− 4q− 5
2
)
=p+
(−2n+ 4q+ 3
2
)
f+
(−2n+ 4q− 1
2
)
(104c)
arising from (11)–(14).
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For v+10(2q) the partial fractions are
+;4+10 = g
+
(−2n− 5
2
)
N 58
−2n− 5
4
∑ 1
2n+ 4i + 5
+ g+
(−2n− 9
2
)
N 98
−2n− 9
4
∑ 1
2n+ 4i + 9
; (105)
+;4+6 = h
+
(−2n− 5
2
)
N 56
−2n− 5
4
∑ 1
2n+ 4i + 5
; (106)
+;4+10 = yv
+
6
(−2n+ 3
2
)∑ 1
2n+ 4i + 1
− yv+6
(−2n− 1
2
)∑ 1
2n+ 4i + 5
+p+
(−2n− 5
2
)
f+
(−2n− 9
2
)
N 56
−2n− 5
4
∑ 1
2n+ 4i + 9
: (107)
Using (104)–(107), (100), (16), (17) and (24c) into (55) we obtain after some manipulation
v+;4+10 (2q) = yv
+
6
(−2n+ 3
2
)∑( 1
2n+ 4i + 1
− 1
2n+ 4i + 5
)
+yp+
(−2n+ 7
2
)
f+
(−2n+ 3
2
)
×v+2
(−2n+ 7
2
)∑( 1
2n+ 4i + 5
− 1
2n+ 4i + 9
)
=N 510
q
2n+ 4q+ 5
+ N 910
q
2n+ 4q+ 9
; (108)
where
N 510 =
4y
2n+ 5
v+6
(−2n+ 3
2
)
;
N 910 =
4y
2n+ 9
p+
(−2n+ 7
2
)
f+
(−2n+ 3
2
)
v+2
(−2n+ 7
2
)
: (109)
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The same procedure leads us to the evaluation of N 512; N
9
12; N
13
12 ; N
5
14; N
9
14; N
13
14 , etc., and thus to
the generalizations
N 52k =
4y
2n+ 5
v+2k−4
(−2n+ 3
2
)
; k ¿ 2; (110)
N 4 +12k =
4y
2n+ 4 + 1
p+
(−2n+ 4 − 1
2
)
f+
(−2n+ 4 − 5
2
)
p+
(−2n+ 4 − 5
2
)
×f+
(−2n+ 4 − 9
2
)
: : : p+
(−2n+ 7
2
)
f+
(−2n+ 3
2
)
v+2k−4 
(−2n+ 4 − 1
2
)
;
26  6 [k=2] =  max; k ¿ 2 (111)
with validity proved as in Appendix A.
2.5. Fourth group of partial fractions
We examine +nally the fourth group of partial fractions, having denominators 2n+4i+4t−1; t=
0; 1; 2; : : : : From (18), (24d) we get
v+2 (2q) = z
∑( 1
2n+ 4i − 1 −
1
2n+ 4i + 3
)
= N 32
q
2n+ 4q+ 3
; (112)
where
z =
1− 4m2
2(2n− 1)(2n+ 3) ; N
3
2 =
4z
2n+ 3
: (113)
By expanding (26) in partial fractions we obtain (the superscripts 4− denote the denominators
2n+ 4i + 4t − 1)
+;4−4 = zv
+
2
(−2n+ 1
2
)∑ 1
2n+ 4i − 1 − zv
+
2
(−2n+ 1
2
)∑ 1
2n+ 4i + 3
+z2
∑ 1
(2n+ 4i + 3)2
; (114)
while in +4 [Eq. (28)] there are two partial fractions belonging to this group (with t = 1), the +rst
with denominator 2n + 4i + 3, which has zero numerator and so disappears, and the second with
denominator (2n+ 4i + 3)2. So
+;4−4 =−z2
∑ 1
(2n+ 4i + 3)2
: (115)
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Substituting from (114) and (115) into (25) (+0 does not contain terms belonging to this group)
and using (24d) we obtain
v+;4−4 (2q) = zv
+
2
(−2n+ 1
2
)∑( 1
2n+ 4i − 1 −
1
2n+ 4i + 3
)
= N 34
q
2n+ 4q+ 3
; (116)
where
N 34 =
4z
2n+ 3
v+2
(−2n+ 1
2
)
: (117)
We can follow the same procedure for v+;4−6 ; v
+;4−
8 , etc., but with increasing di-culty, especially
in the evaluation of the numerators of the partial fractions with denominator 2n + 4i + 3. For this
reason, we follow an alternative procedure, which facilitates the evaluation of the former fractions,
as well as of the ones with denominators (2n+ 4i + 3)2.
By substituting in (20) from (17) we obtain
+2k(2q) =
∑
g+(2i)
[
v+2k−2(2i + 2)− g+(2i + 2)v+2k−4(2i + 2)− h+(2i + 2)
×
k−1∑
j=2
l2jv+2k−2j−2(2i + 2)− p+(2i + 4)f+(2i + 2)v+2k−6(2i + 4)
]
; k ¿ 3: (118)
Using relations (11)–(14), (112) and (116) in (118) we see that the only terms including the
denominator 2n+4i+3, are g+(2i) and g+(2i+2). So, their product g+(2i)g+(2i+2) includes the
denominator (2n+ 4i+ 3)2. Using the same relations in (21) and (22) we see that the denominator
(2n + 4i + 3)2 appears also in +2k , from the product p
+(2i + 2)f+(2i) [Eq. (28)], while in +2k−2j
only the denominator 2n+4i+3 appears. So, from (118) and (22) we separate the folllowing terms,
appearing in (19):[
v+2k(2q) = 
+
2k(2q) +
k∑
j=2
l2j+2k−2j(2q) + 
+
2k(2q)
]
−v+2k−4(2i + 2)[g+(2i)g+(2i + 2)− p+(2i + 2)f+(2i)]; (119)
which are the only ones in v+2k(2q) including the denominator (2n+4i+3)
2. By expanding the terms
inside the brackets in (119) in partial fractions with denominators 2n + 4i + 3 and (2n + 4i + 3)2,
[the denominators in v+2k−4(2i + 2) are 2n+ 4i + 7; 2n+ 4i + 11; : : :] we obtain
− z
2
(2n+ 4i + 3)2
+
z2
(2n+ 4i + 3)2
= 0; (120)
while the numerators of the partial fractions with denominators 2n+ 4i + 3 are both equal to zero.
From (119) and (120) it is evident that in v+2k(2q) there is no partial fraction with denominator
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(2n + 4i + 3)2. The rest terms in +2k as well as 
+
2k−2j contain partial fractions with denominator
2n + 4i + 3. For +2k these fractions are obtained easily from (13) and (118) and are given by the
expression
−z
[
v+2k−2
(−2n+ 1
2
)
− h+
(−2n+ 1
2
) k−1∑
j=2
l2jv+2k−2j−2
(−2n+ 1
2
)
−p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+2k−6
(−2n+ 5
2
)]∑ 1
2n+ 4i + 3
; (121)
while for +2k−2j they are [Eq. (21)]
h+
(−2n− 3
2
)
N 32k−2j
−2n− 3
4
∑ 1
2n+ 4i + 3
; k ¿ j ¿ 2: (122)
For k = 3 we obtain from (118)–(122), (112), (113), (116), (35)–(37) that
+;4−6 = zv
+
4
(−2n+ 1
2
)∑ 1
2n+ 4i − 1 − z
[
v+4
(−2n+ 1
2
)
−h+
(−2n+ 1
2
)
l4 − p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)]∑ 1
2n+ 4i + 3
; (123)
+;4−2 = h
+
(−2n− 3
2
)
N 32
−2n− 3
4
∑ 1
2n+ 4i + 3
=−zh+
(−2n+ 1
2
)∑ 1
2n+ 4i + 3
; (124)
+;4−6 =p
+
(−2n− 3
2
)
f+
(−2n− 7
2
)
N 32
−2n− 3
4
∑ 1
2n+ 4i + 7
=−zp+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)∑ 1
2n+ 4i + 7
: (125)
In (124) and (125) we have used the relations
h+
(−2n− 4q+ 1
2
)
= h+
(−2n+ 4q− 3
2
)
; (126a)
p+
(−2n− 4q+ 1
2
)
f+
(−2n− 4q− 3
2
)
= p+
(−2n+ 4q+ 1
2
)
f+
(−2n+ 4q− 3
2
)
;
(126b)
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which together with
g+
(−2n− 4q+ 1
2
)
= g+
(−2n+ 4q− 3
2
)
; q = 0; 1 (126c)
arise from (11)–(14) and will also be useful in what follows.
Substituting from (123)–(125) into (34) and using (24d), we obtain
v+;4−6 (2q) = zv
+
4
(−2n+ 1
2
)∑( 1
2n+ 4i − 1 −
1
2n+ 4i + 3
)
+zp+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)∑( 1
2n+ 4i + 3
− 1
2n+ 4i + 7
)
=N 36
q
2n+ 4q+ 3
+ N 76
q
2n+ 4q+ 7
; (127)
where
N 36 =
4z
2n+ 3
v+4
(−2n+ 1
2
)
; N 76 =
4z
2n+ 7
p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
: (128)
We continue with v+;4−8 . So,
+;4−8 = zv
+
6
(−2n+ 1
2
)∑ 1
2n+ 4i − 1 − z
{
v+6
(−2n+ 1
2
)
− h+
(−2n+ 1
2
)
×
[
l4v+2
(−2n+ 1
2
)
+ l6
]
− p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+2
(−2n+ 5
2
)}
×
∑ 1
2n+ 4i + 3
+ g+
(−2n− 7
2
)
N 76
−2n− 7
4
∑ 1
2n+ 4i + 7
; (129)
+;4−4 = h
+
(−2n− 3
2
)
N 34
−2n− 3
4
∑ 1
2n+ 4i + 3
; (130)
+;4−8 = p
+
(−2n− 3
2
)
f+
(−2n− 7
2
)
N 34
−2n− 3
4
∑ 1
2n+ 4i + 7
: (131)
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In (129) and (130) we have used (121) and (122), respectively.
We substitute from (129)–(131), (124) into (43) and we use (126), (113), (117), (128), (16)
and (24d), thus obtaining after some manipulation
v+;4−8 (2q) = zv
+
6
(−2n+ 1
2
)∑( 1
2n+ 4i − 1 −
1
2n+ 4i + 3
)
+zp+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+2
(−2n+ 5
2
)
×
∑( 1
2n+ 4i + 3
− 1
2n+ 4i + 7
)
=N 38
q
2n+ 4q+ 3
+ N 78
q
2n+ 4q+ 7
; (132)
where
N 38 =
4z
2n+ 3
v+6
(−2n+ 1
2
)
; N 78 =
4z
2n+ 7
p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+2
(−2n+ 5
2
)
:
(133)
For v+10(2q) the partial fractions are
+;4−10 = zv
+
8
(−2n+ 1
2
)∑ 1
2n+ 4i − 1 − z
{
v+8
(−2n+ 1
2
)
− h+
(−2n+ 1
2
)
×
[
l4v+4
(−2n+ 1
2
)
+ l6v+2
(−2n+ 1
2
)
+ l8
]
−p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+4
(−2n+ 5
2
)}∑ 1
2n+ 4i + 3
+g+
(−2n− 7
2
)
N 78
−2n− 7
4
∑ 1
2n+ 4i + 7
; (134)
+;4−6 = h
+
(−2n− 3
2
)
N 36
−2n− 3
4
∑ 1
2n+ 4i + 3
+ h+
(−2n− 7
2
)
N 76
−2n− 7
4
∑ 1
2n+ 4i + 7
; (135)
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+;4−10 =p
+
(−2n− 3
2
)
f+
(−2n− 7
2
)
N 36
−2n− 3
4
∑ 1
2n+ 4i + 7
+p+
(−2n− 7
2
)
f+
(−2n− 11
2
)
N 76
−2n− 7
4
∑ 1
2n+ 4i + 11
: (136)
In (134) and (135) we have used (121) and (122), respectively.
We substitute from (134)–(136), (124) and (130) into (55) and we use (126), (113), (117),
(128), (133), (17) and (24d), thus obtaining after some manipulation
v+;4−10 (2q) = zv
+
8
(−2n+ 1
2
)∑( 1
2n+ 4i − 1 −
1
2n+ 4i + 3
)
+zp+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
×v+4
(−2n+ 5
2
)∑( 1
2n+ 4i + 3
− 1
2n+ 4i + 7
)
+zp+
(−2n+ 9
2
)
f+
(−2n+ 5
2
)
p+
(−2n+ 5
2
)
×f+
(−2n+ 1
2
)∑( 1
2n+ 4i + 7
− 1
2n+ 4i + 11
)
=N 310
q
2n+ 4q+ 3
+ N 710
q
2n+ 4q+ 7
+ N 1110
q
2n+ 4q+ 11
; (137)
where
N 310 =
4z
2n+ 3
v+8
(−2n+ 1
2
)
;
N 710 =
4z
2n+ 7
p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
v+4
(−2n+ 5
2
)
;
N 1110 =
4z
2n+ 11
p+
(−2n+ 9
2
)
f+
(−2n+ 5
2
)
p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
: (138)
The same procedure leads to the generalizations
N 32k =
4z
2n+ 3
v+2k−2
(−2n+ 1
2
)
; k ¿ 1; (139)
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N 4 −12k =
4z
2n+ 4 − 1p
+
(−2n+ 4 − 3
2
)
f+
(−2n+ 4 − 7
2
)
p+
(−2n+ 4 − 7
2
)
×f+
(−2n+ 4 − 11
2
)
: : : p+
(−2n+ 5
2
)
f+
(−2n+ 1
2
)
×v+2k−4 +2
(−2n+ 4 − 3
2
)
26  6
[
k + 1
2
]
=  max; k ¿ 2 − 1 (140)
with validity proved as in Appendix A.
The expression for N 32k can also be found immediately from the fact that the numerator of the
partial fraction with denominator (2n + 4i + 3)2 is zero in v+2k(2q), and this denominator appears
only in +2k(2q) and +2k(2q). So, from (13), (20) and (22) and (28) it follows that
−zN 32k−2
−2n− 3
4
− z2v+2k−4
(−2n+ 1
2
)
= 0 (141)
and consequently N 32k .
From the former analysis, it is evident that v+2k(2q)= v
+; i
2k (2q)+ v
+;2i
2k (2q)+ v
+;4+
2k (2q)+ v
+;4−
2k (2q).
Its expression, resulting from (62), (63), (88), (89), (110), (111) and (139), (140), is
v+2k(2q) =
[k=2]∑
 =1
{
L 2k
q
q+  
+M 2 +12k
q
2n+ 2q+ 2 + 1
+ N 4 +12k
q
2n+ 4q+ 4 + 1
}
+
[(k+1)=2]∑
 =1
N 4 −12k
q
2n+ 4q+ 4 − 1 ; k ¿ 2: (142)
The explicit values for d’s depend on the normalization used. Here it will be assumed that [14]
∞∑
r=0;1
′
(r + 2m)!
r!
dr(c) =
(n+ m)!
(n− m)! : (143)
Substituting from (4) into (143) we obtain
dn−m(c)
{
(n+ m)!
(n− m)! +
∞∑
q=1
∞∑
k=0
[
(n+ m+ 2q)!
(n− m+ 2q)!
+
2q;2k +
(n+ m− 2q)!
(n− m− 2q)!
−
2q;2k
]
c2q+2k
}
=
(n+ m)!
(n− m)! : (144)
The expansion of dn−m(c) for c small has the expression
dn−m(c) = 1 + g2c2 + g4c4 + g6c6 + · · · : (145)
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Substituting from (145) into (144) we carry out the various multiplications denoted there and next
we equate the coe-cients of the like powers of c, thus calculating successively the coe-cients g2s,
which are independent of c and given by the formula
g2s =−(n− m)!(n+ m)!
s∑
q=1
s−q∑
k=0
g2k
[
(n+ m+ 2q)!
(n− m+ 2q)!
+
2q;2(s−q−k) +
(n+ m− 2q)!
(n− m− 2q)!
−
2q;2(s−q−k)
]
;
s= 1; 2; : : : ; (146)
while g0 = 1.
Finally using (4) and (145) in (2) we obtain, after some manipulation, the power series expansion
for Smn(c; ):
Smn(c; ) =
∞∑
‘=0
g2‘c2‘
{
Pmn () +
∞∑
q=1
∞∑
k=0
[+2q;2kP
m
n+2q() + 
−
2q;2kP
m
n−2q()]c
2(q+k)
}
: (147)
We recall that in each case −2q;2k = 0, if 06 n− m¡ 2q.
The various calculated expansion coe-cients are also useful for the evaluation of the angular
spheroidal functions of the second kind [7,9] as well as of the radial spheroidal functions of any
kind R(')mn (c; (). These functions are solutions of the equation [7,14]
d
d(
[
((2 − 1)dR
(')
mn
d(
]
−
[
mn − c2(2 + m
2
(2 − 1
]
R(')mn = 0; ' = 1− 4 (148)
and are expressed as
R(')mn (c; () =
(n− m)!
(n+ m)!
(
(2 − 1
(2
)m=2 ∞∑
r=0;1
′
ir+m−ndr(c)
(2m+ r)!
r!
z(')m+r(c(); (149)
where z(')m+r is the corresponding spherical Bessel function of the same kind. Using (4), (145) and
(146) into (149) we can +nd its expansion for small values of c.
The power series expansions for the oblate angular functions are obtained from the correspond-
ing formulas for the prolate ones, simply by replacing c by −ic(c2 by −c2), while those for the
oblate radial functions are obtained from the corresponding formulas for the prolate ones, simply by
replacing c by −ic and ( by i( [7].
3. Comparisons with existing results
In this section we refer to various checks and comparisons for the con+rmation of the validity of
our results.
Using Eqs. (32), (67), (92) and (116) we obtain, immediately, the expression for v+4 (2q) =
v+; i4 (2q)+v
+;2i
4 (2q)+v
+;4+
4 (2q)+v
+;4−
4 (2q), given in [9]. Also, using Eqs. (41), (72), (96) and (127)
we obtain, after some manipulation, the expression for v+6 (2q) = v
+; i
6 (2q) + v
+;2i
6 (2q) + v
+;4+
6 (2q) +
v+;4−6 (2q), given in [9]. In Appendix C we give the expression for v
+
8 (2q), not found in [9].
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Results (23) for q ¿ 0 and those for ±2q;2 for q = 1, obtained from (15), (18) and (23), are
the same with the corresponding ones in [8]. Using ±2;0; 
±
2;2; 
±
2;4; 
±
2;6, in (7) we +nd the expansion
coe-cients ‘4; ‘6; ‘8 and ‘10 (for k = 0 − 3), which are the same as the corresponding ones in
[7,13,1].
Using the expressions for ±2;0; 
±
2;2; 
±
2;4, and (145), (146) in (4), with 06 m6 n6 2, we obtain
d’s which are exactly the same as the corresponding ones in [3]. The only exception appears in
the coe-cient of h in d1(h=0; 1) of [3], the correct value of which is 46=30625, instead of 46=49
appearing in [3]. This is simply a typographical error, because the coe-cients −641=(693× 56) of
h6 in d3(h=0; 1) and 368C1=(150 × 4900) of h6 in je01, both appearing in [3] are correct, although
they depend on the erroneous one.
Finally, by computing our coe-cients ±2q;2k for 26 2q+2k 6 6 and for various values of n and
m, we obtain the corresponding tabulated results of [7, Tables 3–9], with an excellent agreement.
Appendix A.
In this appendix, we prove the validity of (62) and (63) by the method of induction. For this
reason, we suppose that these relations are valid for k = 2; 3; : : : ; r and we shall prove them for
k = r + 1. We use (19)–(22) for k = r + 1
v+; i2r+2 = 
+; i
2r+2 + ‘2r+2
+; i
0 + ‘2r
+; i
2 + ‘2r−2
+; i
4 + ‘2r−4
+; i
6 + ‘2r−6
+; i
8 + · · ·
+‘6
+; i
2r−4 + ‘4
+; i
2r−2 + 
+; i
2r+2; (A.1)
with
+; i2r+2 =−g−(2)L12r
∑ 1
i + 1
− 2g−(4)L22r
∑ 1
i + 2
− · · · −
([ r
2
]
− 1
)
g−
(
2
[ r
2
]
− 2
)
×L[r=2]−12r
∑ 1
i + [r=2]− 1 −
[ r
2
]
g−
(
2
[ r
2
])
L[r=2]2r
∑ 1
i + [r=2]
(A.2)
‘2r+2
+; i
0 =
1
2(2n+ 1)
[‘+v+2r−2(2) + ‘
−v−2r−2(2)]
∑ 1
i
(A.3)
‘2r
+; i
2 = 0 (A.4)
‘2r−2+; i4 =−‘2r−2h−(2)L14
∑ 1
i + 1
(A.5)
‘2r−4+; i6 =−‘2r−4h−(2)L16
∑ 1
i + 1
(A.6)
‘2r−6+; i8 =−‘2r−6h−(2)L18
∑ 1
i + 1
− 2‘2r−6h−(4)L28
∑ 1
i + 2
(A.7)
· · ·
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‘6
+; i
2r−4 =−‘6h−(2)L12r−4
∑ 1
i + 1
− 2‘6h−(4)L22r−4
∑ 1
i + 2
− · · ·
−
[
r − 4
2
]
‘6h−
(
2
[
r − 4
2
])
L[(r−4)=2]2r−4
∑ 1
i + [(r − 4)=2]
−
[
r − 2
2
]
‘6h−
(
2
[
r − 2
2
])
L[(r−2)=2]2r−4
∑ 1
i + [(r − 2)=2] ; (A.8)
‘4
+; i
2r−2 =−‘4h−(2)L12r−2
∑ 1
i + 1
− 2‘4h−(4)L22r−2
∑ 1
i + 2
− · · ·
−
[
r − 3
2
]
‘4h−
(
2
[
r − 3
2
])
L[(r−3)=2]2r−2
∑ 1
i + [(r − 3)=2]
−
[
r − 1
2
]
‘4h−
(
2
[
r − 1
2
])
L[(r−1)=2]2r−2
∑ 1
i + [(r − 1)=2] ; (A.9)
+; i2r+2 =−v+2r−2(2)
‘+
2(2n+ 1)
∑ 1
i
− p−(4)f−(2)L12r−2
∑ 1
i + 2
− 2p−(6)f−(4)L22r−2
×
∑ 1
i + 3
− · · · −
[
r − 3
2
]
p−
(
2
[
r − 3
2
]
+ 2
)
f−
(
2
[
r − 3
2
])
L[(r−3)=2]2r−2
×
∑ 1
i + [(r − 3)=2] + 1 −
[
r − 1
2
]
p−
(
2
[
r − 1
2
]
+ 2
)
f−
(
2
[
r − 1
2
])
L[(r−1)=2]2r−2
×
∑ 1
i + [(r − 1)=2] + 1 : (A.10)
In (A.2), (A.5)–(A.10) we have used (52).
From (A.1)–(A.10) we see that the total coe-cient of
∑
1=(i + 1) in v+; i2r+2 is
−g−(2)L12r − h−(2)[‘2r−2L14 + ‘2r−4L16 + ‘2r−6L18 + · · ·+ ‘6L12r−4 + ‘4L12r−2]: (A.11)
With the use of (62) and (17), (A.11) takes the form
−L14{g−(2)v−2r−4(2) + h−(2)[‘2r−2 + ‘2r−4v−2 (2) + ‘2r−6v−4 (2) + · · ·
+‘6v−2r−8(2) + ‘4v
−
2r−6(2)]}
=− L14{v−2r−2(2)− p−(4)f−(2)v−2r−6(4)}
=− L14v−2r−2(2) + L14p−(4)f−(2)v−2r−6(4): (A.12)
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The total coe-cient of
∑
1=i in v+; i2r+2 results from (A.3) and (A.10) only and it is, with the use
of (33)
‘−
2(2n+ 1)
v−2r−2(2) = L
1
4v
−
2r−2(2): (A.13)
From (A.12), (A.13) and (24a) for t = 0 we obtain
L14v
−
2r−2(2)
∑(1
i
− 1
i + 1
)
= L12r+2
q
q+ 1
; (A.14)
where
L12r+2 = L
1
4v
−
2r−2(2): (A.15)
So, we have proved (62) for k = r + 1.
The total coe-cient of
∑ 1
i+ ; (26  6 [r=2]) in v
+; i
2r+2 is
− {g−(2 )L 2r + h−(2 )[‘2r+2−4 L 4 + ‘2r−4 L 4 +2 + · · ·+ ‘6L 2r−4 + ‘4L 2r−2]}
−( − 1)p−(2 )f−(2 − 2)L −12r−2: (A.16)
We use (63) in (A.16), thus obtaining
−L14p−(2 )f−(2 − 2)p−(2 − 2)f−(2 − 4) : : : p−(4)f−(2)
×{g−(2 )v−2r−4 (2 ) + h−(2 )[‘2r+2−4 + ‘2r−4 v−2 (2 ) + · · ·+ ‘6v−2r−4−4 (2 )
+‘4v−2r−2−4 (2 )] + v
−
2r+2−4 (2 − 2)}
=− L14p−(2 )f−(2 − 2)p−(2 − 2)f−(2 − 4) : : :
: : : p−(4)f−(2){v−2r+2−4 (2 )− p−(2 + 2)f−(2 )v−2r−2−4 (2 + 2)}: (A.17)
Replacing  by  − 1 in (A.16) and (A.17) we +nd immediately the total coe-cient of ∑ 1=(i+
 − 1) in v+; i2r+2, and so the diBerence
L14p
−(2 )f−(2 − 2)p−(2 − 2)f−(2 − 4) : : :
: : : p−(4)f−(2)v−2r+2−4 (2 )
∑( 1
i +  − 1 −
1
i +  
)
= L 2r+2
q
q+  
; (A.18)
where, with the use of (24a) for t =  − 1
L 2r+2 =
1
 
L14p
−(2 )f−(2 − 2)p−(2 − 2)f−(2 − 4) : : :
: : : p−(4)f−(2)v−2r+2−4 (2 ); r + 1¿ 2 ; (A.19)
namely, (63) for k = r + 1.
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It should be noticed here that if r+1=2,+1=odd, i.e. if r=2,=even (,=2; 3; : : :), the maximum
value of  in the former formulas is  max = [r=2] = , and appears only in (A.2) and (A.10). With
 = max, the terms multiplied by h−(2 ) in (A.16) and (A.17) disappear. So, inside the last pair of
curly brackets in (A.17) only the +rst term remains, becoming v−2 (2 ) in this case (2r = 4 = 4,).
Relations (A.18) and (A.19) continue to be valid, with v−2r+2−4 (2 ) replaced by v
−
2 (2 ). Finally, if
r+1=2,=even, i.e. if r=2,−1=odd, the maximum value of  is [(r−1)=2]+1=,−1+1=,
and appears only in (A.10). So, the total coe-cient of
∑ 1
i+, is −(, − 1)p−(2,)f−(2, − 2)L,−12r−2
and with the use of (63)
−L14p−(2,)f−(2, − 2)p−(2, − 2)f−(2, − 4) · · ·p−(4)f−(2) (A.20)
because v−2r−2−4,+4(2, − 2) = v−0 (2, − 2) = 1 ( = , and r = 2, − 1).
The total coe-cient of
∑{1=(i + , − 1)} results from (A.2), (A.9) and (A.10) and it is
−(, − 1)[g−(2, − 2)L,−12r + ‘4h−(2, − 2)L,−12r−2]− (, − 2)p−(2, − 2)f−(2, − 4)L,−22r−2:
(A.21)
Using (63) and (17) into (A.21) we obtain
−L14p−(2, − 2)f−(2, − 4)p−(2, − 4)f−(2, − 6) · · ·p−(4)f−(2)
×[g−(2, − 2)v−2 (2, − 2) + ‘4h−(2, − 2) + v−4 (2, − 4)]
=− L14p−(2, − 2)f−(2, − 4)p−(2, − 4)f−(2, − 6) · · ·
· · ·p−(4)f−(2)[v−4 (2, − 2)− p−(2,)f−(2, − 2)]: (A.22)
With the use of (A.20) and (A.22) we +nd the diBerence (A.18) and so formula (A.19), both
with  = ,, namely with v−2r+2−4,(2,) = v
−
0 (2,) = 1.
An analogous procedure can be used for the proof of the validity of (88) and (89), (110) and
(111) and, +nally, (139) and (140). For the proof of (88) the relation (B.1) from Appendix B is
also used.
Appendix B.
In this appendix we prove the validity of the relation
v+2k(−2n+ 1)= v+2k(−2n− 1) + v+2k−2(−2n− 1)v−2 (2) + v+2k−4(−2n− 1)v−4 (2) + · · ·
+ v+2 (−2n− 1)v−2k−2(2) + v−2k(2) (B.1)
by the method of induction. For this purpose, we suppose that the more general relation
v+2k(−2n+ 2q+ 1)= v+2k(−2n− 1) + v+2k−2(−2n− 1)v−2 (2q+ 2) + v+2k−4(−2n− 1)
×v−4 (2q+ 2) + · · ·+ v+2 (−2n− 1)v−2k−2(2q+ 2) + v−2k(2q+ 2);
q= 0; 1; 2; : : : ; (B.2)
which has been proved to be valid for k = 1; 2; is valid also for k = 3; 4; : : : ; r.
G.C. Kokkorakis, J.A. Roumeliotis / Journal of Computational and Applied Mathematics 139 (2002) 95–127 123
We shall prove it for k=r+1. This will be done +rst for q=0. Using (17) for k=r+1 we obtain
v+2r+2(−2n+ 1)= v+2r+2(−2n− 1) + g+(−2n+ 1)v+2r(−2n+ 1) + h+(−2n+ 1)
×
r+1∑
j=2
‘2jv+2r+2−2j(−2n+ 1) + p+(−2n+ 3)f+(−2n+ 1)v+2r−2(−2n+ 3)
= v+2r+2(−2n− 1) + g−(2)[v+2r(−2n− 1) + v+2r−2(−2n− 1)v−2 (2) + · · ·
+v+2 (−2n− 1)v−2r−2(2) + v−2r(2)]
+ h−(2)
r+1∑
j=2
‘2j[v+2r+2−2j(−2n− 1) + v+2r−2j(−2n− 1)v−2 (2) + · · ·
+v+2 (−2n− 1)v−2r−2j(2) + v+2r+2−2j(2)] + p−(4)f−(2)[v+2r−2(−2n− 1)
+v+2r−4(−2n− 1)v−2 (4) + · · ·+ v+2 (−2n− 1)v−2r−4(4) + v−2r−2(4)]: (B.3)
In (B.3) we have used (B.2) for k = 1; 2; : : : ; r and q = 0, the same equation for k = r − 1 and
q= 1, as well as the relations
g+(−2n+ 2q+ 1) = g−(2q+ 2); h+(−2n+ 2q+ 1) = h−(2q+ 2);
p+(−2n+ 2q+ 3)f+(−2n+ 2q+ 1) = p−(2q+ 4)f−(2q+ 2) (B.4)
proved from (11)–(14). Relations (B.4) are used for q= 0.
Eq. (B.3) can be set in the following form:
v+2r+2(−2n+ 1)= v+2r+2(−2n− 1) + v+2r(−2n− 1)g−(2) + v+2r−2(−2n− 1)[g−(2)v−2 (2)
+h−(2)‘4 + p−(4)f−(2)] + · · ·+ v+2 (−2n− 1)
[
g−(2)v−2r−2(2)
+h−(2)
r∑
j=2
‘2jv−2r−2j(2) + p
−(4)f−(2)v−2r−4(4)
]
+ g−(2)v−2r(2)
+h−(2)
r+1∑
j=2
‘2jv−2r+2−2j(2) + p
−(4)f−(2)v−2r−2(4)
= v+2r+2(−2n− 1) + v+2r(−2n− 1)v−2 (2) + v+2r−2(−2n− 1)v−4 (2) + · · ·
+v+2 (−2n− 1)v−2r(2) + v−2r+2(2) (B.5)
with the use of (16) [g−(2) = v−2 (2)] and (17). So, we have proved (B.2) for k = r + 1 and q= 0.
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By the same procedure we prove (B.2) for k = r + 1 and q= 1, thus obtaining
v+2r+2(−2n+ 3)= v+2r+2(−2n+ 1) + v+2r(−2n− 1)v−2 (4) + v+2r−2(−2n− 1)v−4 (4) + · · ·
+ v+2 (−2n− 1)v−2r(4) + v−2r+2(4)− [v+2r(−2n− 1)v−2 (2)
+v+2r−2(−2n− 1)v−4 (2) + · · ·+ v+2 (−2n− 1)v−2r(2) + v−2r+2(2)]
= v+2r+2(−2n− 1) + v+2r(−2n− 1)v−2 (4)
+v+2r−2(−2n− 1)v−4 (4) + · · ·+ v+2 (−2n− 1)v−2r(4) + v−2r+2(4): (B.6)
In (B.6) we have used (B.2) for k = 1; 2; : : : ; r and q = 1, the same equation for k = r − 1 and
q= 2, Eqs. (B.4) for q= 1 and the expression for v+2r+2(−2n+ 1) from (B.5).
Up to this point we have proved (B.2) for k = r + 1 and q= 0; 1; i.e. that
v+2r+2(−2n+ 2q+ 1)= v+2r+2(−2n− 1) + v+2r(−2n− 1)v−2 (2q+ 2) + · · ·
+ v+2 (−2n− 1)v−2r(2q+ 2) + v−2r+2(2q+ 2) (B.7)
is valid for q = 0; 1. We suppose that it is valid also for q = 2; 3; : : : ; , and we shall prove it for
q= , + 1. Using (17) with q= , + 1 we get
v+2r+2(−2n+ 2, + 3)
=v+2r+2(−2n+ 2, + 1) + g+(−2n+ 2, + 3)v+2r(−2n+ 2, + 3)
+ h+(−2n+ 2, + 3)
r+1∑
j=2
‘2jv+2r+2−2j(−2n+ 2, + 3)
+p+(−2n+ 2, + 5)f+(−2n+ 2, + 3)v+2r−2(−2n+ 2, + 5)
=v+2r+2(−2n+ 2, + 1) + g−(2, + 4)[v+2r(−2n− 1) + v+2r−2(−2n− 1)
×v−2 (2, + 4) + · · ·+ v+2 (−2n− 1)v−2r−2(2, + 4) + v−2r(2, + 4)] + h−(2, + 4)
×
r+1∑
j=2
‘2j[v+2r+2−2j(−2n− 1) + v+2r−2j(−2n− 1)v−2 (2, + 4) + · · ·
+v+2 (−2n− 1)v−2r−2j(2, + 4) + v−2r+2−2j(2, + 4)]
+p−(2, + 6)f−(2, + 4)[v+2r−2(−2n− 1) + v+2r−4(−2n− 1)
×v−2 (2, + 6) + · · ·+ v+2 (−2n− 1)v−2r−4(2, + 6) + v−2r−2(2, + 6)]: (B.8)
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In (B.8) we have used (B.2) for k = 1; 2; : : : ; r and q = , + 1, the same equation for k = r − 1
and q= , + 2 and relations (B.4) for q= , + 1.
Following the same procedure as in (B.5), with the use of (16) and (17), we +nally +nd
v+2r+2(−2n+ 2, + 3)= v+2r+2(−2n+ 2, + 1) + v+2r(−2n− 1)v−2 (2, + 4) + v+2r−2(−2n− 1)
×v−4 (2, + 4) + · · ·+ v+2 (−2n− 1)v−2r(2, + 4) + v−2r+2(2, + 4)
−[v+2r(−2n− 1)v−2 (2, + 2) + v+2r−2(−2n− 1)v−4 (2, + 2) + · · ·
+v+2 (−2n− 1)v−2r(2, + 2) + v−2r+2(2, + 2)]
= v+2r+2(−2n− 1) + v+2r(−2n− 1)v−2 (2, + 4) + · · ·
+v+2 (−2n− 1)v−2r(2, + 4) + v−2r+2(2, + 4): (B.9)
So, we have proved (B.7) for q= ,+1 and, +nally (B.2) for k = r+1 and q= ,+1 (Eq. (B.1)
is a special case of (B.2) with q= 0). In (B.9) use is made of (B.7), with q= ,.
Appendix C.
The explicit expression for v+8 (2q) = v
+; i
8 (2q) + v
+;2i
8 (2q) + v
+;4+
8 (2q) + v
+;4−
8 (2q) is obtained by
the use of (53), (54), (78), (79), (102), (103), (132) and (133) and is the following:
v+8 (2q) =
‘−
2(2n+ 1)
[
− (1− 4m
2)2
4(2n− 5)(2n− 1)4(2n+ 3) −
‘+
4(2n+ 1)
+
2‘−
(2n− 3)(4n2 − 1)
+
4y
(2n− 7)(2n− 3)
]
q
q+ 1
+ ‘−
[(n− 3)2 − m2][(n− 2)2 − m2]
32(2n− 7)(2n− 5)2(2n− 3)2(4n2 − 1)
q
q+ 2
+
2w+
2n+ 3
{
− (1− 4m
2)2
(2n− 1)(2n+ 3)4
[
1
4(2n+ 7)
− 2(2n+ 1)
(2n− 1)2(2n+ 7) +
2n+ 1
8(2n− 1)
]
+
‘−
4(2n+ 1)
+
‘−
2(2n− 1) −
‘+
2n+ 3
[
2
(2n+ 1)(2n+ 5)
− 1
2
]
+
2y
2n+ 5
[
2
2n+ 9
+
2n+ 1
2n− 3
]}
q
2n+ 2q+ 3
+w+
[(n+ 3)2 − m2][(n+ 4)2 − m2]
4(2n+ 3)(2n+ 5)3(2n+ 7)2(2n+ 9)
q
2n+ 2q+ 5
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+
4y(2n− 3)
2n+ 5
[
(1− 4m2)2
96(2n− 1)(2n+ 3)4 +
‘−
2(2n− 7)(2n+ 1)
+
‘+
(2n+ 1)(2n+ 3)(2n+ 9)
− y
8(2n+ 5)
]
q
2n+ 4q+ 5
+y
(25− 4m2)(49− 4m2)
288(2n− 7)(2n− 3)(2n+ 5)(2n+ 9)2
q
2n+ 4q+ 9
+
4z(1− 4m2)(2n− 1)
(2n+ 3)2
×
{
‘−
(2n− 5)(2n+ 1)
[
1
(2n− 5)(2n− 1)2 −
1
16(2n+ 3)
]
− (1− 4m
2)2
512(2n− 1)(2n+ 3)5
+
‘+
(2n+ 1)(2n+ 3)2(2n+ 7)
[
2
(2n− 1)(2n+ 7) +
2n+ 1
(2n− 1)2 −
1
8
]
+
y(10n− 9)
144(2n− 1)(2n+ 3)(2n+ 5) −
(9− 4m2)(25− 4m2)
3072(2n− 5)(2n− 1)2(2n+ 3)(2n+ 7)2
}
× q
2n+ 4q+ 3
− z2 (9− 4m
2)(25− 4m2)
384(2n− 1)(2n+ 3)2(2n+ 7)2
q
2n+ 4q+ 7
;
(C.1)
where ‘±; w+; y and z are given in (30), (66), (91) and (113), respectively.
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